Abstract: In J. Phys. Soc. Jpn. 83, 034404 (2014), we designed a scheme of waveguide arrays with long-range linear coupling effects and studied the bright solitons in this system. In this paper, we further study the dynamics of dark and grey solitons in such waveguide arrays. The numerical simulations show that the stabilities of dark solitons and grey solitons depend on the normalized decay length and the scaled input power. The width of dark solitons and the grey level of grey solitons are studied. Our results may contribute to the understanding of discrete solitons in long-range linear coupling waveguide arrays, and may have potential applications in optical communications and all-optical networks.
Introduction
Nonlinear discrete systems attract considerable attention in many branches of physics, and exhibit various physical characteristics [1] [2] [3] . In the fields of optics [4] [5] [6] and Bose-Einstein condensates (BECs) [7] [8] [9] , the evolution of nonlinear waves in discrete systems is a popular topic.
The basic model of a nonlinear discrete system in optics is an array of evanescently-coupled waveguides consisting of nonlinear materials. In a waveguide array, the propagation of light is primarily characterized by the coupling caused by the overlap between the fundamental modes of nearest-neighbouring waveguides. A crucial issue is to study the formation and properties of discrete solitons (DSs) in such nonlinear waveguide systems. DS formation is the result of a balance between on-site nonlinearity and the discrete diffraction induced by linear coupling among adjacent waveguides or lattice sites. DSs show strong potential for application in all-optical data processing; their most attractive feature is that DSs can enable intelligent functional operations such as routing, blocking, logic functions, and time gating in many all-optical devices [10] .
An interesting extension is to investigate the formation of solitons in the presence of nonlocal effects. Trillo and colleagues studied the shock waves and dark solitons in nonlocal nonlinear media [11, 12] . A next-nearest neighbour (NNN) model in which the linear coupling matrix becomes a quadruple-diagonal matrix after higher-order diffraction was studied by Kevrekidis and colleagues [13] . In 2012, Noskov and colleagues conducted significant studies of the nonlinear dipolar field in a nanoparticle train [14] [15] [16] -which can be viewed as a discrete nonlinear system-and reported that a linear coupling effect can exist among all lattice sites because of long-range dipole-dipole interactions. This system can produce all non-zero off-diagonal elements in the linear coupling matrix.
Long-range coupling in waveguide arrays is the coupling between the waveguides that were spaced with certain distance-it can affect the propagation dynamics of light field. Long-range coupling is different from that of the conventional waveguide arrays, which only consider the coupling between the adjacent waveguides (i.e., the short-range coupling). We have designed such a waveguide array with long-range coupling and studied the formation of bright solitons-see our previous paper in [17] . In this work, we further study the dynamics of dark and grey solitons in such a waveguide array, which was not considered before. The numerical results show that: regarding the dark solitons, the stability and width strongly depend on the mean power and the normalized decay length, which describes the effective length of the coupling effects in the waveguides; regarding the grey solitons, the stability and grey level are determined by the mean power and the normalized decay length.
The remainder of this paper is organized as follows. We provide a brief description of the model and basic equations in Section 2. Then, we study dark solitons in Section 3 and the grey solitons in Section 4. The paper is concluded in Section 5.
Model and Basic Equations
In [17] , we designed a scheme for an optics experiment to apply our model of long-range linear coupling waveguide arrays. The model is built based on an AlGaAs single-mode waveguide structure. The real-scale linear coupling parameter between different waveguides can be fitted with an exponential decay, hence the long-range linear coupling effect is introduced in the system.
In our scheme, DSs can be described by the following equation, which is adapted from the discrete nonlinear Schrödinger equation [18, 19] :
Here, γ is the fixed nonlinear parameter of the system, where γ = 1 or γ = −1 indicates that the system features self-focusing or self-defocusing nonlinearity, respectively. u n is the field amplitude of the n-th mode. Because each waveguide is identical, for simplicity, the propagation constant β is absorbed into the phase of u n . z is the propagation distance along the waveguides, n is the number of waveguides, and the coefficient C mn defines the coupling, which depends on the optical wavelength and the field overlap between m-th waveguide and n-th waveguide. Generally, Equation (1) can be expressed in matrix form as follows:
where the matrix U and the elements of the matrix V are defined as
T (where the superscript T indicates the transposition of the matrix and N is the number of waveguides) and V mn = γ|u m | 2 δ mn (where δ mn is the Kronecker symbol), respectively. The total power of the guide mode in the system is given by P = ∑ N n |u n | 2 . In the model, we consider the matrix elements C mn in Equation (1) to be given by
where c 0 is the control parameter, j = |m − n| − 1, and d is the normalized decay length, which describes the effective length of the coupling effects in the waveguides. When d 1, the system corresponds to a nearest-neighbour-coupled model. By contrast, when d 1, the system exhibits strong coupling effects. Equation (3) forms the linear coupling matrix C, which represents the long-range linear coupling interactions among all lattice sites. In optics, when the separation between waveguides is sufficiently narrow, such higher-order cross-coupling effects can be induced [20] .
The relationship between the scaled parameters in Equation (1) and the real-scale parameters are given in [17] in detail.
We assume that the soliton solutions for Equation (1) are written as
where φ n is the stationary solution and −µ is the propagation constant, which is defined as
U is the solution of field amplitude in matrix form and U † is the conjugated matrix of U. The stability of stationary solitons can be numerically determined by computing the eigenvalues for small perturbations or through direct simulations. The perturbed solution is given as u n = e −iµz (φ n + w n e iλz + v * n e −iλ * z ). Substituting this solution into Equation (1) and linearizing yields the following eigenvalue problem:
where the elements of the matrix Φ are defined as Φ mn = γφ 2 m δ mn . The solution φ is stable if all eigenvalues λ are real.
Dark Solitons
In numerical simulations, we apply the imaginary time propagation (ITP) method [21] to study the fundamental solution to Equation (1) for dark solitons. We find that the stability of the dark soliton solutions changes with the scaled total power P and the normalized decay length d. When the eigenvalues λ have an imaginary part, this means that the solution of φ is unstable. Figure 1a ,b show that the value of the imaginary part of λ (Im(λ)) varies with P and d. From Figure 1a , we can see two traits of dark solitons in this long-range linear coupling waveguide array. First, the nonlinearity strengthens when P increases, and the system requires a stronger coupling effect to achieve a stable solution for dark solitons. It can be seen that d increases as P increases. For example, when P = 0.5 and d > 1.5, the solitons are stable (Im(λ) = 0); however, when P increases to P = 1, the coupling effect must be enhanced to d > 2.2 to achieve stable solitons. Second, when the effective length d of the coupling effect is fixed, Im(λ) increases with larger P. This means that the instability is enhanced when the scaled total power P is higher. From Figure 1b , we can see when the system has either a strongly local effect (d = 0.0001) or a strongly coupling effect (d = 5); the dark soliton solution is stable regardless of the value of P. However, for 0.0001 < d < 5, the system is subject to the combined action of the short-range and long-range effects, and the stability conditions for dark solitons are more complex. In this region of d, the tendency is that dark solitons become more unstable as P increases. Figure 1c,d show the amplitude and intensity, respectively, of the fundamental solution for dark solitons with P = 1 and d = 3. In Figure 1e , we present an example of the evolution of stable dark solitons with P = 1 and d = 3. In Figure 1f , we present an example of the evolution of unstable dark solitons with P = 0.5 and d = 0.8.
We also present the widths of dark solitons in this system for different d and P values, as shown in Figure 2 . The dotted lines represent unstable dark soliton solutions (with Im(λ) =0), and the solid lines represent stable solutions. 
Grey Solitons
We use the same method (ITP) to study the fundamental solution for grey solitons. Figure 3 shows the characteristics of grey solitons. Figure 3a ,b show that the value of the imaginary part of λ (Im(λ)) varies with P and d. Grey solitons in this long-range linear coupling system have features similar to those of dark solitons: d increases as P increases (Figure 3a) ; when the effective length d of the coupling effect is fixed, Im(λ) increases with higher P (Figure 3a) , and grey solitons become more unstable as P increases in the region of 0.0001 < d < 5 (Figure 3b) . However, grey solitons also show some distinct features compared with dark solitons; for example, the instability of grey solitons is stronger than that of dark solitons. First, by comparing Figure 3a,b with Figure 1a ,b, we can see that Im(λ) is larger for grey solitons than for dark solitons given the same P and d. Second, the threshold in d where solitons transition from instability to stability lies at a higher value for grey solitons than for dark solitons. For example, as seen in Figure 1a , the threshold is d = 2.2 for P = 1, whereas in Figure 3a , the threshold is d = 3 for P = 1. Figure 3c,d show the amplitude and intensity, respectively, of the fundamental solution for grey solitons with P = 1 and d = 3. In Figure 3e , we present an example of the evolution of stable grey solitons with P = 1 and d = 3. In Figure 3f , we present an example of the evolution of unstable grey solitons with P = 0.5 and d = 0.8.
We also plot the grey levels for grey solitons with different d and P values, as shown in Figure 4 . The grey level is defined as follows:
The dotted lines represent unstable grey soliton solutions (with Im(λ) = 0), and the solid lines represent stable solutions. 
Conclusions
In conclusion, we performed numerical studies of dark solitons and grey solitons in a waveguide array with long-range linear coupling effect. This system is described by the discrete nonlinear Schrödinger equation with off-diagonal elements in the linear coupling matrix filled with non-zero interaction terms. The stabilities of dark solitons and grey solitons are studied. The features of solitons such as the widths of dark solitons and the grey levels of grey solitons are comprehensively studied. Our results may fill the gap in the understanding of discrete solitons in long-range linear coupling waveguide arrays, and our design may have potential applications in optical communications and all-optical networks. 
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